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ABSTRACT 
Let K be a Galois field and f (D)= D k -  ak_lD k - l -  - . .  - -a  o be a monic 
polynomial over K, and ~(f(D))  be the K-space of those sequences S = (sn), n >/0, 
over K, for which 
Sn+k - -  ak -  l$n+k-1  - -  " ' "  - -  aoSn = 0 
holds for. n >I 0. Ronse (1984) gave a formula for a basis of ~(f(D))  in case 
f (D)  =r- I~_l(D-ai )  m,, for some distinct a l, a 2 .. . . .  a t ~K,  improving upon the 
result in Selmer (1966) for the case m i ffi 1. In this note we give an algorithm for 
finding a basis of any f~(f(D)). The approach followed here is different from that by 
Ronse. 
Let K be  any field, and K[D] be the ring of polynomials over K in the 
indeterminate D. Let L K be the set of all sequences S = (sn), n >/0 over K. 
L K is a vector space over K under componentwise addit ion and component-  
wise multipl ication of a member of L r by a member of K. If for any 
f (D)  = ~,~_oaiD t ~ K[D] and S = (s , )  ~ L r we define 
f (o )s  = (wn) r,K, 
k 
w n = ).~ aiSn+l, 
i f f i0 
then Lg  becomes a K[D]-module.  The set f~K Of those S ~ L g such that 
f (D)S  = 0 for some f (D)  ~ 0 in K[D] is the torsion submodule of Lg. For  
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any f (D)  ~ K[D], with deg f (D)  = k > 0, the subset 
-- {S f(O)S-- 0) 
of f i r  has been extensively studied (see [3], [4], and [5]) in connection with 
linear feedback shift registers. Let a t, aa .. . . .  a t be t distinct nonzero 
elements in K. Selmer [5, p. 27] gives a formula for a K-basis of ~(FI~_t(D -
ai)), and Ronse [4, Theorem 46] generalizes it to that for fl0-I~_ I(D - ai)m'). 
In this note we give an algorithm for finding a K-basis of any ~(f (D)) ,  
where f (D)  is any nonconstant polynomial in K[D]. 
For the concepts on rings and modules one may refer to Anderson and 
Fuller [1]. 
LEMM--~ 1. For any field K, L K and fir are divisible K[D]-modules. 
Proof. Let L = L r, and 0 ~ f (D)  ~ K[D]. We prove that f (D)L  = L. 
Without loss of generality we take f (D)  to be a monic polynomial of degree 
k>0.  Let 
f (  D ) = D k - ak_ t Dk-1 . . . . .  a o. 
Let X = (x , )  ~ L. We have to find Y = (g,) ~ L such that f (D)Y  = X. For 
this we need to solve 
~]n+k ~ an- t ! Jn+k- t  . . . . .  aoY  n = Xn ,  11 >/0, 
for the gi's. For any arbitrary choice of g0, gl . . . . .  gk- l, the above equation 
determines every gi for i >/k. Hence L is a divisible K[D]-module. Since f~r 
is the torsion submodule of L, it follows that f~r is also divisible. • 
Let f (D)~ K[D] with deg f (D)= k > 0; without loss of generality we 
take f (D)  to be monic. Now ~(f (D) )  is a submodule of ~r  and is of 
dimension k over K (see [4, p. 8]). Since the impulse response sequence S
with characteristic polynomial f (D)  has f (D)  as its minimal polynomial, we 
• get f ] ( f (D) )= K[D]S- -K [D] / ( f (D)>.  Let f (D)= I-I~_tg,(D) m' for some 
distinct monic irreducible polynomials g~(D), 1 ~< i, and m i > 0. Then 
i= l  
So to find a basis of ~(f(D)) ,  it is enough to find a basis for each of 
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f~(gi(D)m'). Thus let g(D) be an irreducible polynomial in K[D] of degree 
k >~ 1. For any n >t 1, K[D] / (g (D)" )  is a tmiserial module of composition 
length n, and each of its composition factors is isomorphic to K[D] / (g (D) ) .  
Thus 
-- K [o ] / (g (o )>.  
As 1, D, D2 , . . . ,D  k-x modulo g(D) form a basis d K[D] / (g (D) ) ,  
we get that for any S ~ ~(g(D)n)  - ~(g(D)  n - t )  the sequences 
S, DS, D2S . . . . .  Dk-xS modulo ~(g(D)  " - t )  form a basis of 
f~(g(D)" ) /~(g(D)" - l ) .  Thus for any choice of S~ ~ ~(g(D) i) - f l(g(D) i-1) 
the set 
B= {DJS,: l  <~i~n,O<~j<~k-1)  
is a basis of ~(g(D)").  We now give an algorithm for the construction of a 
K-basis of ~(g(D)"),  by starting with any S 4:0 in ~(g(D)). For any 
X = (x , )~ L and any k>t 1, let X(k ,n )  denote the k-tuple 
[x, .  x.+ 1 .... , x.+1,_1 ] ~ K k. 
Tav.om~M 2. Let g(D) = D k _ z.~=iak_11 nk- i  be any monic irreducible 
polynomial over afield K, with a o ~ 0. Let 0 :~ S 1 ~ ~(g(D)). For any i >1 1, 
define S~ ~ ~K inductively such that for any n > 0 
S,+l(k,.) = E S,(k,r)Ea . 
r+s=n- I  
where A is the companion matrix of  g( D ), 
A= 
-0 0 0 . . .  0 
1 0 0 . . .  0 
0 1 0 . . .  0 a 2 
0 0 0 . . .  1 ak-1 
a o 
al  
E is the k × k matrix with the (1, k)th entry I and the other entries zero, and 
Si+k(k,0) = 0 for i > O. Then for any fixed nonnegative integers 11, 12 ... . .  l,, 
the set ( Dl+z,S~lO ~ j <~ k -1 ,  l <~ i <~ n ) is a basis of  ~(g(D)").  
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Proof. As seen in Lemma 1, given X = (x.)  ~ L K, we can find Y = (y.)  
E L r such that g(D)Y = X. This Y is determined by the equation 
Yn+k= E aiYn+k-i q-xn" 
i ) l  
This equation gives 
Y(k, n+l )=Y(k ,n )A+X(k ,n )E .  
We get 
r(k, n) = Y(k,O)A" + ~'. X(k, j)EA' 
i+j=a-1 
for n>~ 1. 
In particular by choosing Y(k,0) = 0, we get 
Y(k, n) = E X(k, J)EA' for n >~ 1. 
i+j=n-1 
Taking X = S,~, we get S,.+1 from the above equation. Now g(D)S,n+l = S m 
gives that S~ ~ f~(g(D) '~) - ~(g(D) "-1) for every m >/1. For any l,. >t 0, 
DimS,. ~ t2(g(D).~) _ ~(g(D)m-t), since g(D) does not divide D l~. Conse- 
quently, by the remark preceding this theorem, given any fixed nonnegative 
integers 11, l 2 . . . . .  l., the set (DI+/'S~[0 ~< ] ~< k - 1, 1 ~< i ~< n} is a basis of 
f~( g( D )" ). • 
Let K be a Galois field with char(K)= p. Let g(D) be an irreducible 
polynomial over K of degree k and order c. For any t >~ i, the order of g(D) t 
is cp s, where s is the smallest nonnegative integer such that pS>~ t 
[3, Theorem 3.8]. By [3, Theorem 8.28] the order of any sequence in 
f l (g(D) t) is a factor of cp s, and it has a sequence of period cp ~, namely, the 
corresponding impulse response sequence. For any S ~ ~2 K and f(D) ~ KID] 
the period of f(D)S is not more than the period of S. Thus all generators of 
the K[Dl-module ~(g(D) t) have the same period cp s. Thus for t >~ 1, 
1 < m < t, the equation 
,,) -- E S (k, i)EA' 
i+j=n-1 
needs to be solved for n < cp s. In particular consider g (D)= D-  a with 
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a 4, 0. In this case k = 1, A -- [a], and E = [1]. Now Sx = (s~l)), with s~ l) = a n, 
belongs to f~(D - a). It can be easily seen that S m = (s(~ r")) with s(, m) = 0 for 
n<m-1  and 
(m"- l) for n >~ m -1 .  
By the above theorem {S1, DS~ .. . . .  Dt-lSt} is a basis d f ] ( (D-a)t ) .  
Obviously the nth term of Di-IS~ is 
(n+i 1)o  
i -1  
This is exactly the basis obtained in [4, Theorem 46] for G((D - a)t). 
Now for g (D)= D, any S = (s i )~  ~(D t) if and only if s i = 0 for i >i t. 
This ~(D t) has two natural ooking bases. One is {E o, E 1 . . . . .  E t _ t )  , where 
E~ is the sequence in L having the ith term 1 and all the other terms zero. 
The other is {E~, E~,.. . ,  E't_l }, where E/' is the sequence whose terms up 
to the ith term equal 1 and whose other terms are zeros. 
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